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Turbulent mixing at an inversion layer
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A series of laboratory experiments was carried out to examine the interaction between
stratification and turbulence at an inversion layer, with the objective of gaining insight
into certain wave—turbulence encounters in the atmosphere. A three-layer stratified
fluid system, consisting of a (thick) strongly stratified inversion layer, sandwiched
between an upper turbulent layer and a lower non-turbulent weakly stratified layer,
was employed. Oscillating-grid-induced shear-free turbulence was used in the upper
layer. During the experiments, a fourth (interfacial) layer developed in the region
between the inversion and the turbulent layer, and most of the wave-turbulence
interactions were confined to this layer. Detailed measurements of the vertical velocity
structure, internal-wave parameters and mixing characteristics were made in the
stratified layers and, whenever possible, the results were compared to available
theoretical predictions.

1. Introduction

There are many flow situations where the boundaries of a turbulent region are stably
stratified layers. These boundary regions may be either non-turbulent or turbulent, the
latter characterized by localized areas within which turbulence is sporadically generated
and rapidly decayed. In general, turbulence forcing at the boundary between turbulent
and stratified layers (called the entrainment interface) can generate internal waves
which may break at or in the neighbourhood of the interface, causing localized
turbulent patches. Waves can also be radiated into the outer stratified layer, carrying
energy out of the turbulent layer. Breaking of internal waves can be attributed to a
variety of mechanisms including forced resonance, internal strain, convective
instabilities, resonant interactions, critical-layer absorption, or a combination thereof.

The structure of turbulence at or near density inversions as well as the motion within
the interior of the stratified layers are of interest in aiding better understanding of such
phenomena as mixed-layer growth and pollutant dispersion. An example is the
evolution of the atmospheric convective boundary layer (CBL) during the day-time
heating of the ground. In modelling such situations, a three-layer structure is assumed
for the lower atmosphere; the bottom layer near the surface (CBL) is well mixed (up
to the mixing height) by the convective turbulence, and the outer weakly stratified layer
is separated from the CBL by a strongly stable, relatively thin, inversion layer (for a
discussion, see Grisogono & Keislar 1992). Thus the buoyancy-frequency profile in the
lower atmosphere can be approximated as

0 for 0<¢&<hy,
Niz)={ N; for h <{<h+h, (1.1

N, for h+h<{<h +h+h,,



276 M. J A M. Perera, H. J. S. Fernando and D. L. Boyer

where { 1s the vertical coordinate measured from the ground, 4, the mixing height, N,
the buoyancy frequency within the inversion of thickness 4, and N, (< N,) the
buoyancy frequency of the weakly stratified layer of thickness h,. Mixing at the
entrainment interface leads to the growth of the mixing height, and the mixing
mechanism can be one of the following:

(i) at very low interfacial stabilities, the turbulent eddies of the mixed layer can
engulf inversion-layer fluid, as if there were no stratification (Townsend 1976);

(i) at low stabilities, the eddies can impinge on the interface and splash the non-
turbulent fluid into the mixed layer, as proposed by Linden (1973), or thin sheets of
inversion-layer fluid can be scoured by eddies sloshing over the interface;

(iii) at moderate stabilities, internal waves in the inversion can break and cause
isolated mixed regions that eventually merge with the mixed layer (Fernando & Long
1983); and,

(iv) at high stabilities, the entrainment process can be dominated by molecular-
diffusive effects (Crapper & Linden 1974).

The parameter ranges over which these mechanisms are operative depend on the
nature of the turbulence and stratification. The turbulence beneath an atmospheric
inversion depends on the time of the day and the season, among other factors.
Numerical simulations of Deardorff (1980) show that, during the day-time, the shear-
generated turbulence in the CBL is overshadowed by the (mean shear-free) convective
turbulence. At night, of course, the shear-induced turbulence is the sole energy
production mechanism. Although a three-layer stratification is common in the ocean,
it has been found that, at least in equatorial regions, the shear production at the base
of the mixed layer is important at all times (Moum, Caldwell & Paulson 1989).

The present work deals with the interaction of shear-free turbulence and stratification
in a three-layer system similar to (1.1). For experimental convenience, the upper layer
is maintained turbulent and the layers below are stably stratified; the shear-free
turbulence is induced by an oscillating grid. A schematic of the experimental apparatus
is shown in figure 1(a) and the stratification is shown in figure 1(b) (further discussion
of this system will be given later). Based on linear internal wave theory, one should
expect that waves generated at the inversion have frequencies w satisfying » < N, and
that waves radiated into the outer layer have frequencies w < N,,. Since N, > N, it is
further expected that waves in the inversion satisfying N, < @ < N; will be trapped
within and, owing to the build up of energy, break, thus dissipating energy. The
resulting localized mixing should lead to a reduction of the buoyancy gradient within
the interface and to the thickening of the turbulent layer.

The external governing parameters for the problem in hand are the buoyancy
frequencies of the stratification N, and N,,, the thickness of the inversion /, the integral
lengthscale L, and the r.m.s. horizontal velocity u,, of turbulence (note that L, and
u,, corresponding to measures of the background turbulence that would be obtained
at the location of the interface, but in its absence — for details see Carruthers & Hunt
1986). The governing dimensionless parameters can be identified as:

Bulk Richardson number Ri= N; L3 /uj,
Internal Richardson number Ri, = Nj h*/uj,, (1.2)
and Frequency ratio e¢=N,/N,.

(Sometimes it is advantageous to use Ri, = AhLy/uj; based on the buoyancy jump
across the inversion Ab, instead of Ri). Carruthers & Hunt (1994) and Fernando &
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FIGURE 1. (a) A schematic of the experimental apparatus, and (b) the three-layer stratification used
for the experiment. The positions of the conductivity probes are given by C,, C,, C, and C,, and the
traversing conductivity probe is designated C,.

Hunt (1994) have delineated the relative roles played by the two Richardson numbers
Ri and Ri;. They showed that the wave motion in the inversion is governed by Ri,,
whereas the suppression of turbulent diffusion at the interface is determined by Ri.
When Ri, < ©t?, which is typical of thin interfaces, the inversion can only sustain the
first mode of internal waves (‘ flapping’ mode). When Ri; > n* (thick interfaces), higher
modes are possible, yielding a complex motion field with trapped waves. This raises the
important question: for given L, uy and N,, can the entrainment rate at a thick
inversion be the same as that of a thin interface? The internal-wave energy radiation
to the outer layer is an obvious determining factor, but previous studies indicate that
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it is negligible (E & Hopfinger 1986). Another key consideration should be the
structure of the wave field and associated energetics; for the two cases, they are
different and suggest the possibility of different mixing rates. Most laboratory data
thus far reported fall into the category of Ri; < n* and inspection of the available
atmospheric boundary-layer data suggests that they belong to Ri, > n? (Deardorff
1980). The issue of whether higher modes of trapped internal waves actually exist or,
even if they do, whether they make a contribution toward mixing at the tropopause has
not been resolved (Caughey, Crease & Roach 1982; Scott & Kerry 1985; Gossard
et al. 1982). The aim of the present work is to address such issues using laboratory
experiments. In particular, the work was motivated by the following reasons.

(i) It is important that previous oscillating-grid-driven mixing-box experiments be
extended to three-layer configurations that permit the development of higher modes of
internal waves. If the experiments were to start with either a two-layer fluid or a linearly
stratified fluid, the resulting inversion will be thin and higher internal-wave modes will
be absent. Further, previous laboratory experiments related to lower-atmospheric
mixing performed by heating a linearly (heat) stratified fluid from below (Deardorff,
Willis & Stockton 1980; Heidt 1977), have been unsuccessful in producing an
interfacial stratification similar to that of the atmosphere (Turner 1991).

(ii) Although a comprehensive set of measurements exist for mixing in two-fluid
systems subjected to shear-free turbulence (Hannoun & List 1988 ; Fleury et al. 1990),
no corresponding measurements are available for linearly stratified fluids.

(iii) There is a comprehensive series of recent theoretical predictions on the nature
of turbulence near density interfaces (see Carruthers & Hunt 1986, 1994, henceforth
referred to as CH1 and CH2, respectively). These theories are based mainly on well-
founded assumptions, and can form the basis of interpretation for the present
measurements. Useful summaries and discussion of these papers are given in
Carruthers, Hunt & Turfus (1986) and Carruthers & Moeng (1987), and a brief review
of CH2 is given in §2. In CHI, the response of an unbounded stratified fluid layer,
neighbouring a shear-free turbulent layer, was considered; no inversion was present
(h=N,=0). An inversion was introduced in CH2, so as to produce a flow
configuration similar to (1.1). Although the predictions of CH2 have shown qualitative
agreement with the large-eddy simulation results of Carruthers & Moeng (1987) and
some atmospheric observations (Caughey & Kitchen 1984), there are other
observations that are at variance with the predictions (Caughey et a/. 1982). Thus, it
is instructive to verify the theoretical predictions in the laboratory. E & Hopfinger
(1986) have attempted to compare their laboratory measurements with CHI;
development of an interfacial layer in their experiments, however, suggests that such
a comparison may be incongruous.

This paper is arranged as follows. Section 2 is devoted to a discussion of some
features of CH2, predictions of which are central to this paper. In §3, the experimental
procedure is discussed. The results of the experiments are given in §4 and a summary
and discussion of the experimental findings are given in §5.

2. An outline of the CH2 theory

Because of the concomitance between CH2 and the present work, it is instructive to
outline the basis and some salient results of the former. In developing this theory, the
flows in the three layers were considered separately and appropriate interfacial
matching conditions were employed. The major steps used are as follows.
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(i) The turbulence in the interior of the mixed layer is assumed to be homogeneous
and isotropic, specified by the joint wavenumber (k) frequency (w) spectra

+ o0
Xi(k,0) = ﬁ ffuf’(x +r, t+1)ul(x, ) e * 0 dr dr, 2.1

where uf is the velocity fluctuation and r and 7 are space and time separations,
respectively. On the basis of the atmospheric field observations of Kaimal et al. (1976)
that the rate of dissipation of turbulent kinetic energy is constant with ¢ near the
inversion zone, it was inferred that d22%/d{ = 0, where Q? is the mean square vorticity
fluctuation. This implies that the introduction of an inversion into a homogeneous
turbulent layer can be treated as an irrotational perturbation, and hence the velocity
field near the interface is given by

u=u"-vg, 2.2)

where ¢ is the velocity potential and V3¢ = 0.
A model proposed by CH1, which takes into consideration the advection of smaller
eddies by eddies of the integral lengthscale, was used for X} (k, w), namely

Xk, w) = Of(k) 6(w—uyk), (2.3)

where @;/(k) is the three-dimensional spectral tensor and k = |k| is the magnitude of

the wavenumber. The semi-empirical formulations proposed by von Karman or
Townsend were used for @;/(k); see CHI.
(i1) The fluid motions within the stratified layers were described using the linear

internal-wave equations

2
V) NV g = 0, 2.4)
u, op .
p—&+axi—0, i=1,2, (2.5)
Py
and Payar= Vip, (2.6)

where u, is the velocity, ¢ is the time, N is the buoyancy frequency, p is the density, z
is the vertical coordinate and p is the pressure. Rayleigh friction was introduced to
these equations to account for the dissipation of kinetic energy in the (middle)
inversion layer, so that there is no unwarranted build-up of wave energy in that layer.
The magnitude of friction was such that the r.m.s. wave amplitude, specified by the
displacement of isopycnals ¢, is just sufficient to satisfy a criterion for convective
instabilities. This effectively models the energetics of the inversion, and allows one to
estimate the amount of energy transferred to an inversion layer which sustains a quasi-
steady saturated field of internal waves; the wave-energy flux radiated into the outer
layer can also be calculated.

(i) At the interfaces between different layers, the continuity of the vertical velocity
(u; = w) and pressure (p) is assumed (this implies that dw/dz is continuous). At z > oo,
the radiation condition was applied for wave frequencies v < N, and w0 was used
forw > N,,.

The predictions included the three-dimensional power spectra, velocity variances
and integral lengthscales in the layers, and wave properties in stratified layers such as
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the wave-energy flux, the isopycnal displacements, the dominant (resonant) frequencies
and the variances of the density and buoyancy fluctuations. In what follows attempts
will be made to compare these predictions to the experimental results.

3. Experimental procedure and instrumentation
3.1. Apparatus

The experiments were carried out in a Plexiglas tank of cross-section 40 x 40 cm and
height 60 cm. The tank was filled to a depth of 55 cm, with a three-layer stratified fluids
system, as shown in figure 1(a4). The turbulence-generating mono-planar grid was
positioned horizontally, 51 cm above the bottom of the tank. The grid construction
utilized square Plexiglas bars of cross-section 1 x 1 cm and a mesh size of 4.8 cm; the
solidity of the grid was 36 %. The grid was mounted to a template located above the
water surface by four steel rods of 3 mm diameter. The template was oscillated
vertically using a slider crank mechanism, which in turn converted the rotary motion
of a high-traction motor to the reciprocating motion of the grid. Oscillating frequencies
between 2 and 5 Hz were selected and the stroke was set at 2.6 cm.

The three-layer stratification shown in figure 1(b) was obtained using a mixture of
aqueous salt and alcohol solutions. The alcohol and salt concentrations were chosen
in order to match the refractive indices of the three layers, thus obtaining an optically
homogeneous, density-stratified, medium suitable for laser diagnostics. The salt—
alcohol refractive-index matching procedure is described in detail by Hannoun,
Fernando & List (1988). The technique employed was a modification of the well-known
Oster & Yamamoto (1963) method. An aqueous alcohol solution of uniform density
(solution A) was prepared and a pre-determined amount was first added to the test cell.
Then a mixture emanating from the two-tank system was slowly fed from a capped
hole in the bottom of the test cell: the low-density (feeding) tank of the two-tank
system initially contained solution A and the high-density tank contained a salt
solution of predetermined density. After the required amount of mixture had been fed
to obtain the inversion, the liquid in the dense tank was diluted using solution A and
the feeding continued to obtain the weakly stratified layer. A minute amount of
Rhodamine 6G dye was added to the salt-water tank to establish a passive dye-tracer
gradient proportional to the gradient of salt. Because of the high vapour pressure of
alcohol, the tanks were covered to minimize evaporation. Owing to the constraints
imposed by the requirement of uniform refractivity index, the strengths of the
stratifications that could be achieved were limited.

The density stratification was measured using a calibrated microscale conductivity
probe attached to a vertically traversing platform; the conductivity and the position of
the probe were obtained as analog voltages, and were used to calculate density profiles
p(z) using standard calibration and automated data handling procedures. A typical
initial density profile so obtained is shown in figure 2. The internal-wave fields within
the stratified layers were also detected using adjustable stationary conductivity probes;
the location of the probes are shown in figure 1(b), and are as follows: Probe C,,
entrainment interface; Probe C,, middle of the inversion layer; Probe C;, interface
between the inversion layer and the outer stratified layer; and Probe C,, middie of the
outer layer.

Positioning of these probes was done following the measurement of vertical density
profiles using the traversing probe C,. Although the transition from one layer to
another is depicted as sharp in figure 1(b), in practice the transitions were somewhat
diffused as a result of mixing that occurred during the filling process (figure 2). In
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FiGuURE 2. Time sequence of density profiles: (a) initial profile at r =0, Ri = 17; (b) ¢t = 30 min,
(¢) t = 120 min, (d) ¢ = 300 min.

addition, during the experiments, a (thin) layer having a strong buoyancy gradient
N, (> N,) is developed between the inversion layer and the upper turbulent layer;
the probe C, was placed in the middle (averaged) of this fourth layer.

3.2. Concentration measurements using laser-induced fluorescence

Laser-induced fluorescence (LIF) was used for concentration measurements. This
technique is being widely used in mixing studies (Hannoun & List 1988) and is based
on the ability of an aqueous Rhodamine 6G dye solution to fluoresce at a wavelength
of 570 nm when exposed to Argon-ion laser light of wavelength 514 nm. If a high-pass
filter with a cutoff wavelength of 550 nm is used to collect the light into an optical
module, the intensity of the fluoresced light is proportional to the dye concentration.
The light intensity is attenuated along the optical path due to absorption by the dye;
hence very low dye concentrations (less than 200 p.p.b.) must be used.

A columnar laser beam from a 2W Argon-ion laser was directed horizontally toward
a rapidly rotating Plexiglas body of square cross-section having dimensions
14 x 14 x 2.2 cm. The faces of the Plexiglas were precision ground and polished. The
body was rigidly mounted on a rod passing through the body axis of its short
dimension and spun at a constant speed of 1685 r.p.m. To prevent optical distortions
introduced by sharp edges, the four corners of the rotor were masked with black tape.
Owing to the rapid rotation employed, a vertically scanning field of horizontal parallel
rays (of thickness 0.6 mm) was generated. The details of this instrument are given in
DeSilva, Montenegro & Fernando (1990).

The scanning light sheet was adjusted to illuminate a region 7 cm in thickness,
including the entrainment interface. The fluoresced light, after passing through a high-
pass optical filter, was collected on a 512 x 512 pixel array of a video camera; the
sampling rate was 30 frames per s. The video images were collected and processed using
a digital image processing board. As each frame was read from the VCR, the pixel
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intensities were digitized and saved in the magnetic memory for further processing. In
order to better visualize the spatial dye concentration (or the concentration-gradient)
distribution, pseudocolour images were created by assigning colours based on grey
scales. The intensities of the processed images were scaled by the intensity of the
specified largest concentration (or the concentration gradient) so as to create a full
contrast image; the maximum concentration (gradient) is assigned the colour blue, the
regions of zero concentration (gradient) are assigned the colour red, and the
intermediate concentrations (gradients) are assigned intermediate colours, depending
on the linear interpolation of grey scales ranging from 0 to 255 (see figure 3¢, plate 1).
Since the variation of the dye concentration below the interface was much smaller than
that through the interface, the image enhancement process used to highlight interfacial
mixing events displayed the region below the interface as one having uniform colour.

3.3. Parameterization of turbulence

It is fortunate that the governing turbulent quantities, #,, and L, can be measured in
homogeneous fluids and then applied to the stratified system. Extensive work has been
reported on the measurement of turbulence in homogeneous fluids; for an excellent
review see Hopfinger & Linden (1982). Measurements of the horizontal velocity uy,
generally agree with a formula proposed by Hopfinger & Toly (1976), namely

Uy /(fS) = o, SEMiz 1, 3.1

where S and f are the stroke and the frequency (in Hz) of grid oscillations, respectively,
M is the mesh size, z is the distance from the virtual origin (which is located at a
distance (0.55 4+ 1.5) cm above the bottom dead centre of the grid) and «, is a constant
which is somewhat sensitive to the stroke and the mesh size. For example, Thompson
& Turner (1975) found «, 0.2 for S =1cm, whereas Hopfinger & Toly (1976)
reported o; & 0.3 for S = 4 cm. The formula (3.1) is reported to be valid for M/d < 5,
f < 6 Hz and solidity < 40 %, all of which are satisfied by the grid used in the present
experiments; here d is the width of the grid bars.

Measurements of the r.m.s. vertical velocity w, and the integral lengthscale L, show

Wy = &y Uy, (3.2)
where a, & 1.25, and Ly=a,z, (3.3)

where a, is dependent on S and M; for example, a; ~ 0.1 when S = 1 cm (Thompson
& Turner 1975) and a, &~ 0.25 when S = 4 cm (Hopfinger & Toly 1976). Typical 4/ L,
values were close to 5.

An extensive set of measurements of u,, and w,, were made by oscillating the present
grid in homogeneous water for different S and f. A laser-Doppler anemometer was
used to measure the velocity components; the integral lengthscale was calculated using
the measured integral timescale I" as Ly = uy I'; see DeSilva & Fernando (1992). The
results were found to be in good agreement with (3.1)-(3.3), with a, & 0.25, a, & 1.25
and o, =~ 0.17; these measurements were used in data handling.

4. Experimental results
4.1. Qualitative observations

Because of refractive-index matching and the nature of the optical diagnostic
techniques used for concentration measurements, it was not possible to use
conventional shadowgraph or dye-tracer techniques to visualize the flow. The laser-
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induced fluorescence technique as well as conductivity measurements, however,
provided useful information on the structure of the density interface and mixing
mechanisms.

Although the experiments were started with three layers, soon a fourth layer
(interfacial layer) was found to develop between the turbulent and inversion layers, see
figure 2(b—d). This particular observation is not new, and has been reported during
previous investigations on mixing in two-layer and linearly stratified fluids (e.g. see
Crapper & Linden 1974). The buoyancy gradient N, in this layer is substantially larger
(N, > N, > N,), and naturally it is expected to have a significant influence on
interfacial mixing. The properties of this layer (e.g. its thickness), as soon as it is
formed, are also dependent on N,, N,, Ly, uy, and h, and hence the governing
parameters for the problem are still given by (1.2). As the flow evolves, however, N,
also plays an important role, and, if the dependent quantities are assumed to be
governed by instantaneous governing variables, it is expected that the flow will be
determined by N,, N,, L, uy, h, and N,. Some of the above variables can be
eliminated based on physical arguments and experimental observations; for example,
if the wave radiation into the deep stratified layer is not important N,, can be neglected.
Henceforth, the following terminology will be used in describing these layers:

0 for 0<z<h, (turbulentlayer),
N, for h <z<h;+6 (interfacial layer),

N(z) =
N, for h+6<z<h+6+h (inversion layer),

N, for h,+8+h <z (outerlayer).

Extensive observations were made by replaying the video records, focusing on event
of interest and by image processing the video frames that appeared to be interesting.
The observations suggest that the dominant mixing mechanisms vary considerably
under different interfacial conditions; i.e. the mechanism of mixing is a function of the
Richardson number Ri. At low Ri, say Ri < 15, the interfacial layer is relatively thick
and is dominated by the scouring of heavy fluid parcels by turbulent eddies; see figure
3(a) (plate 1) which shows concentration-space and concentration gradient-space
images of an interface with Ri= 13. The presence of the fine-scale structure
(characterized by partially mixed fluid) above the interface indicates the presence of
intense mixing. Observations show that thin fluid elements from the interface are
sheared off, possibly by eddies sloshing over the interface. During their upward (lifting)
motion, heavy fluid lumps may or may not be completely homogenized with the
background fluid; some of these heavy unmixed or partially mixed fluid lumps fall
back on to the interface and may subsequently be reentrained by the turbulent eddies.
The presence of partially mixed fluid could be detected up to a distance of about
2L, from the interface.

At higher Ri, say Ri> 20, interfacial wave activity is clearly evident, although
occasional scouring events are still present. Observations show that these waves break
and produce locally mixed regions near the entrainment interface, which are ultimately
distorted and incorporated into the mixed layer by the eddies. Figure 3(b) shows
concentration—space and concentration gradient-space images of an interface with
Ri = 26; note the wave distortions at the interface. Figure 3(c) shows a growing wave,
and scouring of it by a mixed-layer eddy. As Ri further increases, Ri > 30, scouring
events are no longer present and the interfacial mixing appears to be solely due to local
wave-breaking events. The spatial intermittency of wave-breaking events decreases
with increasing Ri. At still larger Ri, possibly Ri > 60, wave-breaking events are rare;
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the entrainment rate is thus reduced noticeably. Apparently, at such high Ri, molecular
diffusion plays a significant role in transporting buoyancy across the interface, as
reported by Crapper & Linden (1974); see figure 3(d). Calmness and the absence of
sharp gradients are salient features of such interfaces.

Observations clearly indicate that the interfacial layer forms in response to turbulent
mixing at the entrainment interface. As will be discussed in §4.3, the wave activity
either in the inversion or the lower layer is weaker, and apparently a substantial
fraction of the energy transferred into the stratified layer is imbibed by the breaking
waves in the interfacial layer (i.e. interfacial layer acts as an energy sink). Fernando &
Long (1983) and E & Hopfinger (1986) have reported similar observations during their
experiments with two-layer and linearly stratified fluids.

4.2. Displacement of isopycnals

Internal waves present at different levels of the stratified layers can be studied by
mapping the displacement field of isopycnals (or the concentration contours, in the
present experiments), because it gives information on wave motions and local mixing.
In the present work, the concentration (C) contours were defined by using the
parameter § = C/C,, where C, is the concentration of the upper layer. In calculating
isolines of f, vertical arrays of pixels from an image were scanned, from bottom to top,
until the first pixel whose intensity was equal or less than the desired C was found, from
which iso-C contours were constructed. Figure 4 shows a set of such contours
corresponding to f =100, 170 and 250, where £ and x represent the vertical and
horizontal coordinates measured from an arbitrary origin; note the decrease of # and
the increase of small-scale wave activity toward the turbulent region. In the present
study, the interfacial-layer thickness § was defined (rather arbitrarily) as the r.m.s.
distance between the # = 100 and 250 contours (§4.3), the latter representing the level
below which the wave activity shows rapid decay.

Contours of # were used to calculate the r.m.s. displacements of isoclines. Selected
(spatial) records of £ versus x, from about 20 frames, taken within a 5 s period, were
used to calculate the r.m.s. interfacial displacement (“52)2 to avoid problems associated
with mixed fluid patches that occur intermittently in the interfacial layer, only the
images with sparse wave breaking were used. Horizontal homogeneity and quasi-
stationarity of interfacial turbulence were assumed in the calculations; these are
satisfactory, in view of the facts that the measurements were taken away from the tank
walls and that the timescale for the mixed-layer deepening is much larger than the
averaging time. The sample sizes used for the data were found to give converging
turbulent statistics. Figure 5(a) shows the variation of normalized r.m.s. wave
amplitude (£%)¢/L,, as a function of the Richardson number Ri; # = 100 and 120
contours were used for the calculations. In the experiments reported, ¢ = N, /N, was
kept constant but Ri, was varied from 25 to 145. In the wave- breaklng reg1me
25 < Ri < 60, the results can be represented by a power-law close to (£2)f/L, ~ Ri™*
A systematic variation of (£2) /Lg with Ri; could not be found.

The above results can be recast dnd compared to the theoretical predictions of CH2
As was discussed in §2, CH2 calculated the normalized r.m.s. wave amplltude (&) /h
as a function of N, h/u,,. Their results shows an initial rapid decrease of (£%):/A until
about N h/uy = 1.5 and then a levelling off to a constant value of about 0.6,
independent of h/Ly. A problem arises, however, in comparing the theory and the
experiment, because of the formation of a (fourth) interfacial layer to which the wave
breaking is mainly confined. Thus, the rational choice of the ‘inversion-layer thickness’
consistent with CH2 would be the interfacial-layer thickness, §. A comparison of the
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respectively.

theoretical and experimental results is shown in figure 5(b); the measurement of § will
be discussed in §4.4. The agreement is not satisfactory. This was the case even if & was
used as the inversion thickness.

The one-dimensional wavenumber (k,) spectra of the interfacial distortions £(x)
were calculated using the # = 100 contour. In so doing, images that contain some
wave-breaking events but well-identifiable S-contours were selected. A typical
(averaged) spectrum Yr(k,) is shown in figure 6. It essentially represents the
contributions to (£2) from the component of motions having a wavenumber k,, in the
x-direction,

Based on the work of Moffatt (1984), Fernando & Hunt (1994) proposed that
breaking interfaces with sharp gradients in £(x) should have a spectral region satisfying
Yr(k,) k7?«. This notion is consistent with the present measurements; the solid line
drawn in figure 6 has a —2 slope. Additional information on the nature of interfacial
motions may be obtained by considering the relationship between the wavenumber (k)
and frequency (w) of eddies. Following Tennekes (1975), CH1 proposed that the
turbulent motions near the interface are governed by the advection of smaller eddies
by the eddies of integral scales, namely ku,, = w. If it is assumed that the motion in the
k, (or x) direction make the dominant contribution to the three-dimensional spectra at
or near the resonant frequencies (k, u; = w), k, corresponding to resonant modes can
be estimated based on measured resonant frequencies within the interfacial layer (§4.5).
The results are depicted in figure 6 as vertical arrows. Humps are evident in the
averaged spectra, but they hardly represent the estimated values of k,; at least two-
dimensional spectral measurements are required before any conclusions, based on
Yr(k,), can be made with regard to the eddying motions near the interface.

In addition to growing wave modes, the interface is disturbed by the eddies
impinging on it; the dominant contribution for this case is expected from the energetic
eddies of integral scales. The dominant horizontal scale of interfacial disturbances was

10 FLM 267
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FIGURE 5. (a) The variation of the normalized r.m.s. interfacial distortion (?)%/ L,, with Richardson
number Ri. (b) A plot of (£8)2/4 versus N 1. 8/u,,, where the interfacial-layer parameter have been used
for normalization; The solid line represents the CH2 prediction. The experiments correspond to
e=0.63, and 25 < Ri, < 145. +, #=100; A, £ =120.

evaluated using variance-preserving spectral plots; i.e. peaks of k, y(k,) versus k, plots.
A graph of the normalized dominant wavenumber k,; L, versus Ri is shown in figure
7. In the wave-breaking regime, Ri < 60, k,; L, does not show a significant variation
with Ri, although a slightly increasing trend cannot be ruled out for Ri < 50. At larger
Ri, however, the magnitude of k, L, drops, possibly, due to the change of the
entrainment mechanism. Thus, in the wave-breaking regime, the dominant horizontal
wavelengths are determined by the eddies whose sizes are proportional to the integral
lengthscale of turbulence.
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FIGURE 7. The variation of the normalized dominant wavenumber &, L, with Ri; ¢ = 0.63.

4.3. Measurement of interfacial velocity

Successive video frames acquired by the image processing system were used to calculate
the vertical velocities of different -contours. The elevation of a selected g-contour, say
£(x, 1), above the x-axis was monitored in successive frames with a time separation Az.
The instantaneous vertical velocity at each point along the contour was determined
using w, = [£(x, t+Af)—&(x,1)/At; the r.m.s. value was then calculated. The x-
variation of the instantaneous velocity, calculated using three different contours of
successive frames, is given in figure 8. The Ri dependence of the r.m.s. vertical velocity
(wZ)2 measured using the # = 100 and 120 contours, is shown in figure 9(a) The data
in the wave-breaking regime show a power-law dependence close to (w?): Juy ~ Ri™?
At low Ri (< 25), the interfacial vertical velocity is of the same order as the r.m.s.

10-2
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FiGure 8. The (one-dimensional) spatial distribution of the normalized instantaneous interfacial
vertical velocity calculated using three different concentration contours, 2 = 100, 170 and 250. The
densities corresponding to these contours are 1.0056, 1.0095 and 1.0140 (gcm®), respectively;
Ri=25¢=0.63 and Ri, = 182.

velocity of the undistorted turbulence. At high Ri (2 60), the interfacial velocity is
smaller, possibly owing to the damping of interfacial waves under the influence of
molecular-diffusive effects. Also shown in the figure are the atmospheric field data from
Caughey & Palmer (1979). These are of the same order of magnitude as the laboratory
measurements, but higher than that expected based on laboratory results.

The predictions of CH2 indicate an increasing trend of (wz)2 Jug, with N, h/ Uy (= Ri})
in the range 0.25 < Ri; < 9. A plot of the variation of (w?)t/u,, with N, 6/uH is shown
in figure 9(b), for the same runs as figure 9(a); although the predlcted trend can be
observed, the magnitudes of the measured velocities are smaller. The behaviour of
(W)t /u,, with Ri ; based on the inversion thickness 4 did not show agreement with the
CH2 theory, cither.

The distribution of the r.m.s. vertical velocity in the stratified layer adjacent to the
turbulent layer also can be obtained as described above. Since £ is indicative of the
(undisturbed) vertical location of a given isopycnal, velocities so calculated represent
the vertical distribution of the vertical velocity. The measurements arc depicted in
figure 10. Note that g = 100 is indicative of the entrainment interface and g = 250
corresponds to the level where the buoyancy profile approaches the stratification of the
inversion layer. Note that w* tends to have a maximum within the interfacial layer,
indicating the presence of higher modes of internal waves. This observation is in good
agreement with CH2, which predicts a maximum for w? in the wave-trapped layer. Low
values of w* at the bottom edge of the interfacial layer suggest that the wave energy
radiated to the outer layers may be small. Apparently, most of the energy absorbed
into the interfacial layer is consumed within it to produce turbulence by wave breaking
(which eventually supports the buoyancy flux and dissipates as heat) and to overcome
internal friction between various modes of waves (e.g. McEwan 1983),
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4.4. Measurement of the interfacial-layer thickness

The interfacial-layer thickness is considered as a signature of interfacial mixing events
because it is formed in response to local instabilities and distortions at the entrainment
interface. Inspection of the interfacial structure (figure 3) clearly reveals its complexity,
and spatial and temporal variability. Considering the presence of a variety of mixing
mechanisms, one should also expect different interfacial characteristics at different Ri
ranges.

Observations show that when Ri < 15 or so, the eddies tend to penetrate into the
stratified layer and agitate it, thus disturbing and partially mixing a thick region along
the entrainment interface; the partially mixed fluid that has not been incorporated into



290 M. J A M. Perera, H. J. S. Fernando and D. L. Boyer

100
I,
8 -
130 ~
2 18-
X3}
[}
28 -
38 -
160 —
48 ] |} 1 i
0.997 1.017 1.037
£ p (g cm™)
190 —
220 —
0.20 0.36 0.52 0.68 0.84 0.84

(W2)'

FiGure 10. Normalized r.m.s. interfacial vertical velocities at different #-contours. The locations
of # =100 and 250 relative to the density contour for the Ri = 25 case are shown in the insert.

the turbulent layer may appear as the interfacial layer. At intermediate Ri, where
mixing is dominated by wave breaking, isolated mixed patches are generated at the
entrainment interface. Apparently, the interaction between the intrusive gravity
currents that are formed during the collapse of these patches are responsible for the
formation of a layer of intermediate density along the entrainment interface. Whether
or not the fluid from this layer can be lifted into the mixed layer directly by the eddies
is dependent on the density of the mixed fluid and the sizes of the patches (Hannoun
& List 1988). At large Ri the wave breaking is absent and, according to Noh &
Fernando (1993), the interfacial-layer structure is dominated by the thickening of the
entrainment interface by molecular diffusion and the engulfment of the ‘diffused’ fluid
layer by turbulent eddies.

The results for the interfacial-layer thickness § measurements taken using the LIF
technique are shown in figure 11 (& was defined as the r.m.s. distance between the
£ = 100 and 250 contours); a decreasing trend of normalized ¢ with Rias §/L,, ~ Ri"2
can be seen in the wave-breaking regime, 20 < Ri < 60. Hannoun & List (1988) found
a similar result in their two-layer experiments, when the measurements were taken
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along a single vertical line using LIF. In making comparisons of the present
measurements with CH2, § has been used as the thickness of the wave-breaking layer.

4.5. Excitation of waves by turbulence

Waves excited in stratified layers by turbulent forcing can have a range of frequencies
and wavenumbers. As pointed out by Carruthers & Moeng (1987) and CH2, however,
only a few selected waves can be amplified and break. For forcing frequencies (w)
smaller than N,, the wave energy can be radiated through both layers, with some
reflection occurring at the interfaces between different layers. When N, < w < N,, the
waves can be sustained only in the inversion, and they are evanescent in the lower layer.
As a consequence, some waves are trapped within the inversion and resonance is
possible when the reflected waves constructively interfere with the newly generated
waves at the entrainment interface.

Figure 12(a) shows a set of variance-preserving frequency spectra of conductivity
fluctuations wy(w) obtained from Probes C1-C4 shown in figure 1(b), five minutes
after the start of the experiment. Strong wave/turbulence activity can be seen from
Probe C1 placed in the interfacial layer. Probe C2, located at the middle of the
inversion, indicates some wave activity but the wave amplitudes are smaller. Similar
observations can be made from C3 and C4. It appears that a substantial amount of
wave energy is trapped within the interfacial layer, with a selected number of modes
bearing higher energy levels.

Figure 12(b) shows similar spectra taken two hours after the start of the experiment.
For clarity, only the records taken from C1 and C3 are shown. A trend similar to that
of figure 12(a) can be seen and the energy levels have not been drastically altered. These
observations, together with those made using the LIF technique (which show that wave
breaking is confined to the interfacial layer), suggest that there is no wave-energy build
up in the inversion, which can be attributed to the dissipation of internal-wave energy
by the internal friction.
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F1GURE 12. (a) The variance-preserving spectra of buoyancy fluctuations based on the stationary-
conductivity-probe measurements. The position of the probes are given in figure 1(b). The data were
taken 5 minutes after the initiation of grid oscillations; ¢ = 0.47; Ri = 20. (b) Same as (a), except the
data were obtained two hours after the initiation of grid oscillations.

The present experimental results can be compared to the predictions of CH2 and
Carruthers & Moeng (1987). Accordingly, the resonant (amplifying) modes in the
inversion (thickness /) should satisfy the criterion

Yy m+y

cot(m h)=——+

my e +7) “1)
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FIGURE 13. The normalized wave frequency w/N, versus N, h/u,. The solutions of (4.1)}~(4.3) for

trapped waves as a function of ¢: ,e=0.5;—— e¢=0.8.
where m, is the vertical wavenumber defined as
i = (SE-1) (42)
and Y= (1 —%) k2, 4.3)

where k, is the horizontal wavenumber of turbulent eddies.

Assuming that resonant waves dominate motions in the inversion, the normalized
vertical wavelength and frequency w/N, can be obtained from (4.1)-(4.3) as a function
of N,h/u, and the ratio ¢ = N, /N,; the calculations are shown in figure 13. The
dominant wave frequencies calculated on this basis for the present experiments are also
indicated in figures 12(a), (b); for figure 12(a), N, h/u, = 5.2n and for figure 12(b),
N, h/uy has dropped to 3.1m. The measured (at least the number of) dominant
frequencies agree reasonably well with the calculations of CH2. The calculation of
wave frequencies in CH2 using linear theory has invoked only a few assumptions, and
this may be the reason for the observed agreement. Because of the inherent nonlinear
nature of the problem, the calculation of wave amplitudes and velocities in the
saturated wave field involves many more assumptions, as was discussed in §2;
consequently, some of the predictions did not show good quantitative agreement with
the laboratory observations.

Note that the probe placed within the interfacial layer has recorded additional
frequencies, some of which are even greater than its own buoyancy frequency. A
possible reason may be the presence of intermittent turbulence within the interfacial
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layer and the exposure of the probe to the upper-layer turbulence during interfacial
oscillations. Measurements made outside the interfacial layer did not indicate the
presence of turbulence and the spectra showed a rapid decay beyond the local
buoyancy frequency.

4.6. Mixing at the inversion

One of the most important consequences of wave-turbulence interactions at an
inversion layer is interfacial mixing, which leads to an increase of the mixed-layer
depth. In general one should expect that the rate of entrainment at the interface
u, = dh,/dt, for the configuration shown in figure 1, to depend on u,, L, h, N, and
N,, or, on the basis of (1.2),

u,/u=E = E(Ri,e, Ri)), (4.4)

where E is the entrainment coefficient.

However, in the experiments, an interfacial layer is developed and hence the rate of
entrainment should depend on time. In addition, quantities such as the buoyancy
frequency of the interfacial layer and the buoyancy jump across it also depend on the
same parameters. Thus, after some rearrangement of variables, it can be shown that the
entrainment coefficient can be written in terms of instantaneous local conditions at the
interface as

E = E(Riy, ¢, Ri, Ri}), (4.5)

where Ri, = AbL, /2, is the Richardson number based on the interfacial buoyancy
jump. Note that the form (4.5) is convenient when comparing the present experiments
to the two-layer or uniformly stratified experiments. Owing to practical difficulties, it
was not possible to carry out experiments with varying Ri, while keeping the other
independent parameters fixed. A plot of E versus Ri,, for a range of initial conditions,
is shown in figure 14. The results are somewhat scattered and it is difficult to deduce
the dependence of E on the governing parameters. The best-fit line to the data follows
E oc Riy™, n = 1.29, in the wave-breaking regime. A noteworthy observation is that, for
a given Ri,, the entrainment rate in the present experiments is significantly smaller than
that for a two-layer fluid, for example those reported by E & Hopfinger (1986); see the
solid line on the figure. This is perplexing because one might expect similar entrainment
rates independent of the nature of the outer stratification if the outward energy
radiation is small. The observed difference may thus be attributed to the differences in
the structure of the wave field at or around the entrainment interface, as pointed out
in CH2. Accordingly, the resonant frequency (and hence the time available for mixing)
and the interfacial energetics are dependent on the structure of the interface, as is the
rate of entrainment. They find a decrease of the resonant frequency with decreasing
h/L,, thus allowing more time for mixing and yielding higher entrainment rates. The
present flow configuration allows the formation of higher wave modes in the stratified
layer, vis-a-vis the previous two-layer experiments where the first mode was dominant.

5. Summary and discussion

Laboratory experiments were carried out to investigate wave and turbulent mixing
characteristics of a three-layer stratified fluid system, which consists of an upper
turbulent layer, a strongly stratified inversion layer (of buoyancy frequency N; and
thickness #) and a deep weakly stratified bottom layer (of buoyancy frequency N,). The
upper layer was driven by oscillating-grid-induced shear-free turbulence. The aim of
the experiment was to shed light on wave-turbulence encounters occurring at the
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FIGURE 14. The variation of the normalized entrainment velocity ,/u,, with the Richardson number
based on the interfacial buoyancy jump Ri,: 0.47 < ¢ < 0.83 and 25 < Ri, < 145. The solid line
represents the data of E & Hopfinger (1986).

inversion layer of the atmospheric day-time boundary layer (during the period of
strong convection), which has similar stratification and turbulence characteristics to
the present experiment. To our knowledge, the three-layer configuration has not been
considered in detail before in laboratory modelling, although CH2 have analysed the
problem using a formal comprehensive theoretical analysis. On the other hand,
turbulent mixing in initially two-layer and linearly stratified fluids has been studied
extensively; for example, see Fernando (1991). CH2, however have argued that the
latter cases can be dynamically different from the three-layer stratified case in view of
the differences of the interfacial wave fields.

Although the experiments were started with three layers of given thicknesses, a
fourth layer (interfacial layer of thickness d) developed immediately between the
inversion layer and the turbulent layer. Measurements made using the LIF technique
and conductivity probes as well as flow visualization indicated that the wave activity
is strongest in the interfacial layer. This observation was a persistent feature
throughout the experiments, which often lasted for more than three hours. LIF flow
visualization indicated the presence of different mixing mechanisms at various Ri
ranges; here the Richardson number Ri is defined as Ri = N? L%, /u3,;, where L, and u,
are the integral length- and velocity scales of the turbulence, respectively. When
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Ri < 15, splashing of heavy fluid into the turbulent layer by the impinging eddies on the
interface, as proposed by Linden (1973), was identified as the major mechanism:
breaking of waves was dominant at 25 < Ri < 60; and when Ri > 60, apparently,
molecular-diffusive effects also played a role. The bulk of the measurements were taken
in wave-breaking regime, from which the interfacial layer thicﬁness 8, the r.m.s.
interfacial-wave amplitude (Z%) and the r.m.s. interfacial velocity (14/2)2 were calculated.
They were found to depend on the Richardson number as (w?) Juy =23 RiY,
(/L ~2.1 Ri™" and 8/L,, ~ 90 Ri">. A noticeable feature was the presence of a
Vertlcal velocity maximum within the interfacial layer, indicating the presence of
higher internal-wave modes; the interfaces of most previous laboratory experiments
appear to be dominated by the first mode. The dominant wavenumber of the interfacial
waves k, was found to be weakly dependent on Ri and satisfied k, L,, ~ 1.8, indicating
the role of long waves. The entrainment coefficient at the interface was found to follow
approximately E oc Riy", n = 1.29, where Ri, is the Richardson number based on the
buoyancy jump across the interface Ab; the dependence of E on such parameters as
N,/N,, Ri and Ri; was not investigated systematically, because of practical problems.
For a given Ri,, the observed entrainment rate in a three-layer system was significantly
smaller than that of two-layer fluids. This was attributed to the differences in the
internal-wave structure, which is expected to modify the energetics of the interface.
Clearly, further work is necessary to understand the energetics of mixing associated
with different modes of internal waves.

Attempts were made to compare the experimental results with the theory of CH2 for
wave—turbulence interactions at a thick inversion layer. The measured dominant wave
frequencies in the interfacial layer were found to be in fair agreement with the theory,
although there are significant differences between some detailed predictions and
experimental observations. One of the differences is the manner in which the
‘inversion-layer thickness’ is taken into consideration. Theory considers that the
thickness of the wave-breaking layer is an external parameter, whereas in the
experiments it is determined internally by the mixing events. The continuous
modification of this layer by intermittent wave breaking is also not considered in the
formulation. It appears that the theory is fully applicable at the beginning of the
present experiments, but as time proceeds the interfacial region is modified by wave
breaking. Also, CH2 predict wave breaking over the entire depth of the inversion layer.
This is not corroborated by the present experiments, suggesting that the wave
saturation criterion employed in the theory needs to be revisited.

Based on scaling arguments, Long (1978) presented a phenomenological theory for
mixing in a stratified fluid by shear-free turbulence. This theory is applicable for a
three-layer fl ﬂuld similar to the one studied in thls paper. The prediction of this theory
included (wW2)/u, ~ Ri* and (£2)/L,, ~ Ri%, which also differ from the present
findings.
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